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1. Introduction

Flexible manipulators, although having some inherent advantages over conventional rigid-arm
robots, have more stringent requirements for the control system design, such as fast suppression
of transient vibration during rapid arm movements [1]. Moreover, the vibration problem becomes
more serious when the flexible arms are subjected to disturbances. A variety of control strategies
for flexible manipulators have been proposed in an attempt to discover a successful and practical
feedback control. Most of the previously proposed controllers have been designed by treating the
control system as a deterministic nominal problem [2]. Some investigators have attempted to
provide robust control logics which account for parameter variations of the flexible arms such as
the change of natural frequency due to the moving mass [3–8]. However, a research on the control
of flexible manipulators subjected to disturbances is rare.

An accurate end-position control of flexible manipulators is very sensitive to internal or
external disturbances due to link vibrations. In this work, a new disturbance estimator using the
theory of variable structure system (VSS) is proposed to enhance control performance of a single-
link flexible arm subjected to torque disturbances. Various techniques for the disturbance
estimation in VSS, which offer robust control performance without a prior knowledge about the
disturbance, have been proposed for various control systems. Kozek et al. [9] proposed a sliding
mode controller associated with linear disturbance observer and proved its effectiveness by
applying it to the levitation system of high-speed electro-magnetic vehicles. Liu and Peng [10]
developed a disturbance observer by treating plant non-linearities as a lumped disturbance, and
showed its superior performance to the standard adaptive control scheme. Elmali and Olgac
[11,12] proposed a very effective methodology, called a sliding mode control with perturbation
estimation (SMCPE), which offers a robust feedback control performance, and showed its
effectiveness by applying it to the SCARA robot system.
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The disturbance estimator proposed in this work has a similar form to the SMCPE. However,
the proposed one does not include state derivative terms (included in the SMCPE) which may
cause undesirable noise and chattering in the estimation process. Instead, the integrated average
value of the imposed disturbance is used over a certain sampling period to avoid noise and
chattering phenomena. After formulating the governing equation of a single-link flexible arm, a
sliding mode controller with disturbance estimator is designed. The controller is then
experimentally implemented and vibration control performances of the flexible arm subjected
to sinusoidal torque disturbances are presented in time domain.

2. Modelling and controller design

Consider the horizontal motion of a single-link flexible manipulator as shown in Fig. 1. The
uniform beam of total length l and width b is attached to the rotating hub that has a moment of
inertia Ih: The axis ou0 is the fixed reference line and ou is the tangential line to the beam’s neutral
axis at the hub. TðtÞ is the input torque and w0ðu; tÞ the elastic deflection of the link. Upon
assuming Euler–Bernoulli beam theory, small elastic deflections, small angular velocities and
neglecting axial deflections, the system model can be obtained in the state space as follows [2,6]:

’xðtÞ ¼ AxðtÞ þ BTðtÞ;

yðtÞ ¼ CxðtÞ; ð1Þ

where
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In the above, qiðtÞ is the ith generalized modal co-ordinate, fi the ith eigen function, f0
i the ith

modal slope coefficient, It the total moment of inertia (hub and link). oi and zi are the natural
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frequency and damping ratio of the ith mode, respectively. It is noted that the output matrix C is
related to the tip position ðytÞ and hub angle ðyyÞ:

The accuracy of the system model (1) is very important in the context of spillover problems. The
accuracy depends heavily upon geometrical and material properties of the flexible arm as well as
dynamic characteristics of actuators and sensors. It may be estimated by comparing transfer
functions for the exact and reduced model [2] or by investigating dynamic responses before and
after employing the controller [6]. In this work, the first flexible mode has been determined as a
primary control mode after investigating the participation factor of each vibration mode to the
total dynamic response. Thus, the control model can be written by

’x1ðtÞ ¼ x2ðtÞ;

’x2ðtÞ ¼
1

It

uðtÞ þ
1

It

dðtÞ;

’x3ðtÞ ¼ x4ðtÞ;

’x4ðtÞ ¼ �o2
1x3ðtÞ � 2z1o1x4ðtÞ þ

f0
1ð0Þ
It

uðtÞ þ
f0

1ð0Þ
It

dðtÞ: ð3Þ

In the above, dðtÞ is external torque disturbance and uðtÞ ð¼ TðtÞÞ is control input torque to be
designed.

In order to design a sliding mode controller, we define a stable sliding surface by

sðtÞ ¼
X4

i¼1

cixiðtÞ; ci > 0; ð4Þ

where ci is the gradient of the surface. The state xiðtÞ converges to zero for any initial conditions if
we design an appropriate controller so as to satisfy the following sliding mode condition [13]:

1

2

d

dt
s2ðtÞp� ZjsðtÞj; Z: strictly positive constant: ð5Þ

We first design a conventional sliding mode controller (SMC) which does not include disturbance
estimator. From the sliding surface dynamic motion associated with the system model (3), the
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Fig. 1. A single-link flexible manipulator.

S.B. Choi, J.W. Cheon / Journal of Sound and Vibration 271 (2004) 1147–1156 1149



SMC which satisfies the sliding mode condition (5) can be designed as follows:

uðtÞ ¼ ueqðtÞ � k sgnðsðtÞÞ; k > jd j þ Z
It

c2 þ c4f1ð0Þ
;

ueqðtÞ ¼
It

c2 þ c4f
0
1ð0Þ

ð�c1x2ðtÞ þ c4o2
1x3ðtÞ þ ð�c3 þ 2c4z1o1Þx4ðtÞÞ: ð6Þ

In the above, k is the feedback gain and ueqðtÞ is the equivalent controller without disturbance.
We see from the above controller, the upper bound of the disturbance dðtÞ should be known
to guarantee robust and stable control performance. However, an accurate knowledge of the
upper bound may not be easy to obtain in practice. This may yield over-conservative high
feedback gains which result in undesirable control performance such as high chattering [14].
Consequently, an accurate estimation of the disturbance is necessary to enhance control
performance.

In order to do this, we arrange sðtÞ dynamics which includes control input as follows:

’sðtÞ ¼ c1x2ðtÞ � c4o2
1x3ðtÞ þ ðc3 � 2c4z1o1Þx4ðtÞ

þ
c2 þ c4f

0
1ð0Þ

It


 �
ðueqðtÞ � k sgnðsðtÞÞ þ dðtÞ � destimatedðtÞÞ: ð7Þ

It is noted that the dynamics of sðtÞ contains the destimatedðtÞ; which is one of the input components
(refer to Eq. (15)). Integration of the above equation from T � d to T yields the following
equation: Z T

T�d
dðtÞ dt ¼
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þ ðc3 � 2c4z1o1Þ x4ðtÞÞ þ ueqðT � dÞ
�

dt: ð8Þ

In the above equation, d is the sampling time (small time step) for the estimation. Both estimation
and control performances, of course, depend upon the sampling time. We define a constant which
is the same value as the left-hand side of Eq. (8) as follows:Z T

T�d
daverageðTÞ dt ¼

Z T

T�d
dðtÞ dt: ð9Þ

We see from the above equation that during integration time the integrated value of dðtÞ is equal
to the integrated value of daverageðTÞ: Thus, the average value of the disturbance is given by

daverageðTÞ ¼
Z T

T�d
dðtÞ dt



d: ð10Þ
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Substituting Eq. (10) into Eq. (8) yields

daverageðTÞ ¼
It

c2 þ c4f
0
1ð0Þ

sðTÞ � sðT � dÞ
d

þ k sgnðsðT � dÞÞ þ destimatedðT � dÞ

�
1

d

Z T

T�d

It
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0
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ðc1x2ðtÞ � c4o2
1x3ðtÞ




þ ðc3 � 2c4z1o1Þ x4ðtÞÞ þ ueqðT � dÞ
�

dt: ð11Þ

The last term of the right-hand side in Eq. (11) is hard to calculate accurately. Thus, it is
approximated by

XcðTÞ ¼ �ðueqðTÞ � ueqðT � dÞÞ=2: ð12Þ

The last term of Eq. (11) represents the area enclosed by actual equivalent control input ueqðtÞ;
while Eq. (12) is the approximated average area. Now, by substituting Eq. (12) into Eq. (11) the
final form of the daverageðTÞ is obtained as follows:

daverageðTÞ ¼
It

c2 þ c4f
0
1ð0Þ

sðTÞ � sðT � dÞ
d

þ k sgnðsðT � dÞÞ

þ destimatedðT � dÞ � XcðTÞ: ð13Þ

As defined by Eq. (9), daverageðTÞ in the above equation is the value evaluated from T � d to T :
Therefore, we need to use the Taylor series in order to estimate the disturbance from T to T þ d:
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In other words, destimatedðtÞ can be realized by the Taylor series as follows:

destimatedðtÞ ¼
Xn

i¼0

di 
 d ðiÞ
averageðTÞ=i! ð14Þ

Consequently, the proposed sliding mode controller with the disturbance estimator (SMCDE) is
given by

uðtÞ ¼ ueqðtÞ � k sgnðsðtÞÞ � destimatedðtÞ: ð15Þ

We known that, in practice, it is not desirable to use the signum function ðsgnð
ÞÞ in controller (15)
because of the chattering. Therefore, we may replace the signum function by the saturation
function in the controller implementation [15].
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Table 1

Model and control parameters of the flexible manipulator

Parameters Value

Length of the flexible link ðlÞ 0:5 m

Thickness of the flexible link 0:001 m

Width of the flexible link ðbÞ 0:03 m

Mass per unit length of the link 0:7102 kg=m
Young’s modulus of the link 194:6 GPa

Moment of the inertia of the hub ðIhÞ 0:0000692 kg m2

First-mode damping ratio ðziÞ 0.00518

First-mode natural frequency ðoiÞ 26:06 rad=s
Control gain ðkÞ 0.45

Sliding surface gradient ðciÞ 0.8931

Estimation sampling time ðdÞ 0:001 s
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Fig. 3. Control response in the absence of torque disturbance using the SMC: (a) tip displacement, (b) control torque.
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3. Experimental results

In order to demonstrate superior control performance of the proposed method, an experimental
apparatus is established as shown in Fig. 2. The angular displacement of the motor is directly
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Fig. 4. Control response in the presence of torque disturbance ð4:15 HzÞ using the SMC: (a) tip displacement,

(b) control torque.
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Fig. 5. Control response in the presence of torque disturbance ð4:15 HzÞ using the SMCDE: (a) tip displacement,

(b) control torque, (c) disturbance estimation, (d) estimation error.
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measured from the optical encoder, while the elastic deflection of the link from the piezofilm
sensor. The signal from the piezofilm sensor goes to analog filter to eliminate high-frequency
components of the flexible link before being fed back to the microprocessor. The geometrical and
material properties of the flexible arm are presented in Table 1. The control parameters used in
this experimental work are also given in Table 1.

Fig. 3 presents the measured control response in the absence of the torque disturbance. We
clearly see that the tip displacement of the flexible manipulator is well settled without exhibiting
undesirable vibration. This response has been obtained by implementing the sliding mode
controller (SMC) given by Eq. (6). Fig. 4 presents the measured control response in the presence
of the torque disturbance; 0:2 sinð2p� 4:15 � tÞ Nm: It is noted that the frequency of the torque
disturbance ð4:15 HzÞ is same as the first-mode natural frequency of the flexible arm. As expected,
we have undesirable large vibration magnitude when we use the SMC only. This directly implies
the necessity of the disturbance estimator to achieve favorable control performance.

Fig. 5 presents control responses of the flexible manipulator subjected to the torque
disturbance; 0:5 sinð2p� 4:15 � tÞ Nm: In this case, the sliding mode controller with disturbance
estimator (SMCDE) proposed in this work has been implemented. We clearly see that the tip
displacement of the flexible arm is well settled to the desired position without showing vibration
problem. It is also seen from Figs. 5(c) and (d), the imposed torque disturbance has been well
estimated by the proposed methodology. Favorable control response has been obtained even if we

ARTICLE IN PRESS

0 1 2 3 4 5
0.0

0.1

0.2

0.3

0.4
T

ip
 D

is
pl

ac
em

en
t (

m
)

0 3 4 521

-0.8

-0.4

0.0

0.4

0.8

T
or

qu
e 

(N
.m

)

 Tip displacement  Control torque

0.0 0.5 1.0 1.5 2.0 2.5 3.0
-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6 Real, Estimated

T
or

qu
e 

(N
.m

)

Time (sec)
0.0 0.5 1.0 1.5 2.0 2.5 3.0

-0.08

-0.04

0.00

0.04

0.08

T
or

qu
e 

(N
.m

)

Time (sec)

Disturbance estimation  Estimation error

(a) (b)

(c) (d)

Fig. 6. Control response in the presence of torque disturbance ð10 HzÞ using the SMCDE: (a) tip displacement,

(b) control torque, (c) disturbance estimation, (d) estimation error.
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change the disturbance frequency from 4.15 to 10 Hz as shown in Fig. 6. It is noted that the
estimation error increases as the disturbance frequency is increased. This is, of course, directly
related to the estimation sampling time.

4. Concluding remarks

A new type of a sling mode controller with disturbance estimator has been proposed for
vibration control of a flexible-link manipulator. The proposed estimator is featured by an
integrated average value of the imposed disturbance over a certain sampling time. In addition, the
proposed estimator does not include a time derivative of higher order state variables which may
cause undesirable chattering. It has been demonstrated through experimental implementation that
the proposed control methodology can offer accurate estimation of the imposed disturbance, and
hence provide superior control performance of the system subjected to external disturbance. The
control results presented in this work are quite self-explanatory justifying that the sliding mode
controller with disturbance estimator can be effectively applied for successful vibration control of
flexible structures systems subjected to disturbances. It is finally remarked that an efficient
estimation method for various types of disturbances such as step disturbance is being developed.
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